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Leo Moser conjectured that given E > 0 there is a S > 0 such that any closed 
convex plane curve whose curvature is bounded by S must come within E of a 
lattice point. In this note we prove this conjecture and indeed we show that the 
“correct” order of S is around 3. 
It is easy to visualize large convex closed plane curves with stay away 
from all the lattice points, e.g., a square which its vertices at halves of 
odd integers. On the other hand, these curves all seem to require places 
of large curvature, and Leo Moser was led to conjecture that for each 
E > 0, there is a 6 > 0 such that any convex closed curve with curvature 
bounded by 6 must come within E of some lattice point. 
In this note, we verify this conjecture and indeed determine the precise 
relation between 6 and E. 
THEOREM 1. Any convex closed curve with curvature bounded by 6 
must come within (26)1/2 of some lattice point. 
2. There is a convex closed curve with curvature bounded by 6 which 
does not come within 61/2/1200 of any lattice point. 
Proof. 1. Since our assertion is trivial for 6 > I, (in fact for 6 > I /4) 
we may assume that 6 < 1 and thereby write 6 = 1 - cos 01, 0 < cy. < 
~r/2. We introduce the usual x, y coordinates as well as s and u, s being arc 
length and o the angle between the tangent and the x-axis. 
Now consider the arc, C, of our curve wherein 0 < 0 < 01. Our curvature 
condition asserts that da < 6 ds and since ds = dylsin o = dxlcos u 
we obtain both 6 dy > sin u da, 6 dx 3 cos o do. Integrating over C and 
recalling that 6 = 1 - cos 01 gives d y > 1. Ax 3 sin a/(1 - cos a) > 1. 
The first of these inequalities insures that C must cut some line y = 
integer. Suppose it does so at (m + 9, n), m, II integers, 0 < 6’ < 1. Our 
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second inequality now insures that C must also cut one of the lines 
x = m or x = m + 1, and we may assume w.1.o.g. that it cuts x = m. 
The whole portion, P, of C between these two intersections must lie 
above the line segment L, defined by y - n = tan ol(x - m - e), 
m < x < m + 8. Hence we have distance (P, (m, n)) < distance (L, 
(m, n)) = 8 sin 0: < sin a = (26 - P)1/2 < (26)1/2 and 1 is proved. 
Proof. 2. The curve, which consists of straight-line segments and 
circular arcs, will be constructed in two stages. The first is that of building 
the basic polygon and the second that of rounding off of the corners. 
A. The basic polygon: Choose a prime p. Now starting at 
((3/2)p(p - l), 0), draw line segments at slopes -p, -p/2, -p/3,..., 
-p/(p - l), each one extending from the last point to the first lattice 
point it hits. Thus, the final point is (p - I), p(p - l)), and this is l/8 
of the polygon. If we now reflect through the x and y axes and the 
45” lines, we get the full polygon. 
The main properties of this polygon are: 
P 1 . The vertices are lattice points. 
P 2 . No other points on it are lattice points. 
P 3 . The sides have lengths between p and 21f2p. 
P 4 . The exterior angles are between cot-l2p and 2 cot-lp. 
B. The “circular fillets”: Consider two consecutive sides of the 
polygon. We claim that we can draw a minor circular arc such that: 
F 1' It is commonly tangent to both sides. 
F 2 . The distance from the vertex to the tangency point lies between 
p/4 and p/2. 
F 3 . It is nowhere within 1/3OOp of any lattice point. 
We find it convenient at this point to introduce some notation in terms 
of the two consecutive sides now under consideration. So fix one of 
the two sides and set up a coordinate system using it as the positive 
x-axis, the vertex as the origin, and the positive y-axis pointing into 
the polygon. Call the length of this side on the x-axis s, and call the 
exterior angle between the two original sides CL We will also associate 
with each arc satisfying Fl its tangency point on the x-axis, so that a 
set of such arcs will be associated with a set of points on the x-axis. 
We will call a lattice point “bad” if it lies closer to the x-axis than to 
the other sides of the polygon and if it lies within l/300 p of some arc 
satisfying Fl and F, . Such an arc lies within p/2 of the origin and, by P4 , 
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within l/2 of one of the sides. Thus the bad lattice points satisfy 0 < x < p, 
0 < y < 1. Moreover, in our present coordinate system, the lattice points 
have as their y-coordinates multiples of l/s and, for fixed y, have their 
x-coordinates spaced by multiples of s. By Ps , s > p, and so we conclude 
that the bad lattice points are of the form 
(G , n/s), where n = I, 2, 3 ,... [s], 
that there is at most one a,, for each n, and that 0 < a, < p. 
Now for each point (a, b), consider the set of arcs which comes within 
r of it. Straightforward calculation shows that this set is precisely the 
interval 
where 
[a + (b - r> t + R- , a + (b + r> 1 + R,], 
R- = (2u(b - r)t + (b - r)” t2 - b2 + r2)l/“, 
R, = (2u(b + r)t + (b + r)2 t2 - b2 + r2)1/2, and 
t = cot(CY/2) 
The length of this interval is 2rt + R, - R- , and we note that this 
increases in a for a > b/t which is indeed the case if (a, b) lies nearer the 
x-axis than the other side of the polygon. Thus, if a < p, we may replace 
a by p in this formula and obtain an upper bound for the length of the 
interval of arcs. 
In particular, if (a, b) is the bad lattice point (a, , n/s) and r = 1/3OOp, 
then the corresponding length, L, , of arcs is bounded by 
2rt + R, - R- < 2rt + (4prt + 4br)/(R+ + R-) 
< 2rt + (2prt + 2br)/R- . 
Also, in this case, 
R-2 = 2p(b - r)t + (b - r)” t2 - b2 + r2 
3 2p(b - r) t > pbt 
so that 
L, < 2rt + 2r(pt/b)lj2 + 2r(b/pt)li2. 
If we now use P4 to conclude that p < t < 5p and set in the values 
r = 1/3OOp, b = n/s, we obtain 
L, < l/30 + (1/56)(~/+~ + l/150 < (l/28)(1 + s”~(Fz’/~ - (n - 1)“2)), 
10 D. J. NEWMAN 
and, summing over n, 
[Sl 
c L, < & (s + s1/2 * s1/2) = s/14 < p/9 
n=1 
(the last inequality resulting from P3). Now this sum constitutes the 
total measure of the arcs which are within 1/3OOp of some bad lattice 
point. If we had used the other of our two sides as the x-axis, we would 
also obtain a measure of p/9, and adding gives a total measure of 2p/9 
of arcs within 1/3OOp of any lattice point. Thus, there is an arc in 
(p/4, p/2) which satisfies F3. 
The proof of 2 is now easy to complete. The sides of the polygon are 
further than 1/21/2 .p from the lattice points, and the fillets are further 
than 1/3OOp. Since the radius of the fillet is 3 (1/4)p * t, t again being 
the cotangent of half the exterior angle, and since t 3 p, we see that the 
maximum curvature is < 4/p2. Finally, because there is a prime between 
every number and its double, we can make this < 6 while still keeping 
1/3oop 3 W/1200. Q.E.D. 
